We show that ideal Bose-Einstein condensation in d = 3 dimensions is a non-classical critical second order phase transition with exponents α = −1, β = 1, γ = 1, δ = 2, η = 1 and ν = 1, obeying all the scaling equalities. This a critical universality class on its own. * romero@fisica.unam.mx
problem of our time. Despite being an ideal gas, namely, without interatomic interactions, it has opened a path to our understanding of macroscopic matter at the quantum regime, typically at very low temperatures. While it is not our purpose to review it here, we cannot avoid mentioning the extraordinary experimental advances of the last decades [2] [3] [4] [5] [6] [7] motivated by BEC and leading to a vigorous field of theoretical and experimental research now known as quantum matter. As one would imagine, BEC being now a well understood textbook topic, there should not be anything "novel" about it. However, as we show here, ideal BEC, accepted as a bona-fide second order phase transition, has been considered in a wrong universality class. That is, instead of belonging to the Spherical model class, [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] BEC has its own universality class, a non mean-field one, with a set of non-classical exponents. It is of interest to highlight right here that the non-classical critical BEC behavior not only can be exactly found, as the Ising model in d = 2, but it is the only non-classical one in d = 3, to the best of our knowledge.
We will proceed as straightforwardly as possible. First, we briefly revise the phenomenon of Bose-Einstein condensation; then, we stress out the presence of critical density fluctuations at BEC, the landmark of critical phenomena, and calculate the exponents γ, η and ν of the isothermal compressibility, of the correlation length and of the correlation function at criticality, respectively. Next, we calculate the exponents α and δ, the first one indicating the behavior of the heat capacity at constant volume, and the second one regarding the approach to criticality of the pressure as a function of the density. All the previous exponents will be calculated as the transition is approached from above criticality, then, we will discuss the behavior of the gas when BEC has settled in and find the exponent β. We shall argue that the order parameter of the transition is the condensate fraction and not the condensate wavefunction; in this regard, we will contrast the present results with the so-far accepted result that BEC should belong to the Spherical model. We will then verify that the exponents obey the scaling critical equalities. We shall conclude with a brief discussion of the behavior of the gas within the BEC phase and argue for the stability of the thermal gas below BEC.
Ideal BEC. We consider an ideal d = 3 gas of Bose of particles of spin s = 0 and mass m, contained in a vessel of volume V . In the thermodynamic limit, at a given temperature T and chemical potential µ < 0, the grand potential can found to be, [18] 
where k is Boltzmann constant, λ T = h/ √ 2πmkT the de Broglie thermal wavelength, and g 5/2 (µ/kT ) the s = 5/2 Bose function,
These functions are defined for α ≤ 0 only, being non-analytic at α = 0. This latter mathematical behavior indicates the critical bona-fide behavior at µ = 0.
From the grand potential one can obtain all the thermodynamics of the gas. [18] Let us first look at the number of particles of the gas,
When the chemical potential vanishes, µ = 0, the gas reaches a state with a temperature T c , which is function of the homogenous density ρ = N/V , namely,
with g 3/2 (0) = ζ(3/2) the Riemann-zeta function evaluated at 3/2. Below such a temperature, for a given density ρ, BEC occurs, namely, the gas enters a different gas phase where a macroscopic number of atoms occupy the zero momentum state p = 0. In this phase the chemical potential remains zero, µ = 0, all the way down to T = 0. To be more precise, we recall that in equilibrium the number of atoms in the one particle state p is given by the Bose-Einstein distribution, n p = 1 e (ǫp−µ)/kT − 1 (5) with ǫ p = p 2 /2m. Hence, in the thermodynamic limit, for T ≥ T c , µ ≤ 0, the number of particles in the ground state p = 0, is zero, in the sense that n 0 /N = 0. Now, as T < T c , the chemical potential remains zero, and while the occupancy number n p is still given by Eq.(5) for p = 0, the number of particles in the "condensate" n 0 is now given by,
As BEC is approached from above, µ → 0 − , T → T + c , from expressions Eqs. (3) and (4) one can find how µ depends on |T − T c |. For this, we use the following asymptotic behavior of the Bose functions [19] , valid for s non-integer and |α| < 2π,
The desired result, for a given density ρ, is
Critical density fluctuations. The signature of critical phenomena, in a fluid, resides on the fact that the density-density correlation show critical fluctuations. [18, 20, 21] These fluctuations are related to the divergence of the isothermal compressibility κ T at T c . This thermodynamic quantity, for µ < 0, is given by
Now, using the asymptotic form of g 1/2 (µ/kT ) as given by Eq. (7), and that of µ, Eq.(8), we find that for fixed density ρ,
This expression indicates that the isothermal compressibility diverges at T c , as κ T ∼ (T − T c ) −1 . This defines the critical exponent γ, [20, 21] being γ = 1.
The density-density correlation function, although long known [18, 22] it is surprising that is rarely quoted in the literature. It is given by,
is the particle density operator withψ( r) the annihilation particle operator. The relationship between the density fluctuations and the isothermal compressibility is obeyed, G( r)d 3 r = ρ 2 kT κ T . Near BEC, as µ → 0, it can be shown [22] that the term responsible in G( r) for the critical fluctuations is given by
where the correlation length is ξ =h/2 2m|µ|. Therefore, as µ → 0, for ρ = N/V constant, the correlation length diverges as, see Eq. (8),
thus defining the exponent ν [20, 21] , as ν = 1.
It is worthwhile pointing out that, while it is commonly recognized that the de Broglie thermal wavelength λ T , determined by the thermal energy kT , signals the onset of the quantum regime, there is barely mention that there exists another quantum and thermodynamic natural length, namely, the correlation length ξ, determined by the chemical potential. The latter length is not zero for ideal quantum gases due to the exchange interactions. And, as indicated above, ξ is the length responsible for the critical BEC transition. In the classical limit ρλ 3 T ≈ e βµ ≪ 1, it is also true that ξ ≪ λ T as well, therefore implying that the delta-correlated fluctuations of the classical ideal gas are restored.
At criticality, µ = 0, the correlation function becomes long range, scaling as G(r) ∼ 1/r 2 , which when compared with the definition of the critical exponent η, [20, 21] G(r) ∼ 1/r d−2+η , yields η = 1. It is very important to highlight here that this identification signals that BEC is a non-classical, or non mean-field, critical transition: the function G(r) cannot be expressed in the Orstein-Zernike form [20, 21] ; as a matter of fact, it can be explicitly verified that the Fourier transform of G( r), namelyG( q) is not analytic at q = 0.
Heat capacity. The heat capacity at constant volume is given by,
While the heat capacity is not analytic at µ = 0, it does not diverge. Instead, it shows a "peak" at BEC where its first derivative is not continuous. This allows to define a critical exponent that turns out to be negative, similarly as it does occur in the d = 3 XY model [23, 24] . The behavior near µ = 0, in terms of the critical temperature can be shown to be,
where C 0 = (15Nk/4)ζ(5/2) is the heat capacity at criticality. From the above expression, we can identify the exponent C V ∼ |T − T c | −α [20, 21] as given by α = −1.
Critical isotherms. Since BEC can occur for any temperature T given a value of the density ρ = N/V , all isotherms are "critical", hence, the interest is in expressing the pressure difference p − p c as a function of ρ − ρ c along any isotherm, with p c and ρ c the critical values at BEC for the given isotherm,
where p c = (kT /λ 3 T )ζ(5/2) and ρ c = (1/λ 3 T )ζ(3/2). Using the expression in Eq. (7) for the Bose functions, one finds that near µ = 0,
which yields the exponent δ, [20, 21] given by δ = 2.
The order parameter. So far, it has been assumed that the BEC order parameter is the condensate wavefunction [9] in close analogy with the superfluid transition in 4 He [20, 23] , and now in ultracold alkali gases [2] [3] [4] . Those belong to the universality class of the XY-model that presents a two-component order parameter, namely, the modulus and the phase of the superfluid wavefunction. In particular, Gunton and Buckingham [9] introduced in the Bose grand potential an additional dependence on a condensate wavefunction Ψ 0 and its conjugate thermodynamic field ν 0 , which is assumed to be zero in a Bose gas. The physical meaning or significance of this field, so far, has not been elucidated. Nevertheless, if one additionally imposes such a dependence one can then find critical mean-field exponents that belong the universality class of the Spherical model [8] . It is very important to point out that those critical exponents correspond to the order parameter, susceptibility, and correlation function, related to the fields ν 0 and Ψ 0 , and not the common thermodynamic properties here considered. In particular, the correlations of those fields are of the Orstein-Zernicke form, namely mean-field like. However, on the one hand, the condensate is not a superfluid, as pointed out long ago by Landau [25] and, second, from a purely thermodynamic point of view, all the statistical physics and thermodynamics of the ideal Bose gas should be entirely contained in the density matrix of the grand canonical ensemble, without the fields Ψ 0 and ν 0 . From this perspective the critical properties of the BEC transition should also be related to the usual thermodynamic variables p, ρ, S and T , whose behavior is dictated by the critical density fluctuations. Such a phase transition can be understood as one from a normal quantum gas to a phase composed of a condensate in coexistence with a thermal gas at chemical potential µ = 0. As such, as a thermodynamic consequence, it sounds reasonable that the number of particles in the condensate n 0 , or its density n 0 /V , should be identified as the order parameter of the transition, with n 0 = 0 for T ≥ T c and n 0 = 0 for T < T c .
If one admits this identification, one can calculate the behavior of n 0 in the vicinity of T c , for T < T c , using Eq.(6), yielding,
which indicates that the exponent β [20, 21] is given by β = 1.
Exponent equalities. Perhaps the most important results in the study of critical phenomena, and in physics in general, is the fact that near a critical point, thermodynamic
properties of very different physical systems behave very similarly with equal critical exponents, of which only two are independent. The others can be obtained by means of equalities among those exponents. This is the scaling hypothesis, introduced by Widom [20, 21, 26] , and validated by the renormalization group theory developed by Wilson [21, 27] . The previous theories predict the following equalities: γ = ν(2 − η), α = 2 − dν, 2β = ν(d − 2 + η) and δ = (d + 2 − η)/(d − 2 + η). The BEC exponents here presented, α = −1, β = 1, γ = 1, δ = 2, η = 1 and ν = 1, with d = 3, satisfy those relations exactly. To the best of our knowledge this is a critical universality class on its own; that is, no other known critical phenomenon shares these critical exponents. It is of pedagogical interest to realize that in d = 3, ideal BEC is the only example where exact critical exponents can be calculated
The BEC phase. In most treatments it is always highlighted that below the transition there appears the condensate. However, there is little emphasis that the thermal gas in coexistence with the condensate is not a "normal" gas since its chemical potential remains zero throughout, until Absolute Zero is attained. It is more than of historical interest to point out that Einstein paid more attention to the thermal gas than to the condensate. [1] The thermal gas, having µ = 0, has the peculiarity that its number of particles N is no longer an independent thermodynamic variable, but it is rather determined by the thermodynamic state itself. That is, the only thermodynamic independent variables are the temperature T (or entropy S) and the volume V (or the pressure p). Hence, at the same time that the pressure is only a function of temperature, p = p(T ), there is only a single stability condition established by the requirement that the heat capacity must be positive C V > 0.
Therefore, it is meaningless to calculate the isothermal compressibility κ T : its is not only not defined but also it does not indicate anything regarding the stability of the gas. The stability of the thermal gas in coexistence with the condensate is analogous to the stability of a gas of photons: both have µ = 0, and therefore the entropy S depends solely on the internal energy E and on the volume V ; the stability condition is then (∂ 2 S/∂E 2 ) V < 0.
As far as the density correlations are concerned, it is certainly interesting to realize that the correlation function has no characteristic length, "ξ = ∞", and so, the thermal gas in coexistence with the condensate is always in a critical state in the sense that its correlations decay algebraically ∼ r −2 for all temperatures T ≤ T c . The thermal state still shows critical exponents α = −1 and η = 1, the others γ, ν and δ apparently being not defined. In this regard, one could still argue that the condensate density n 0 is not necessarily the order parameter and, thus, that the exponent β may not be equal to one. That is, since ν is not clearly defined below T c the exponent equality 2β = ν(d − 2 + η) may not be established.
This does not invalidate any of the other exponents neither the other equalities.
To conclude, we briefly mention the dependence of BEC on dimensionality d. First, one recalls that the grand potential Ω(µ, T, L d ), with L d the volume in d dimensions, is a singular function at µ = 0 for all dimensions d. Yet, this does not necessarily indicates the presence of a critical transition. For instance, as it is well known, in d = 2 there is no BEC at finite temperatures. For d ≥ 4 BEC does exist, but there does not appear to be a unifying picture of the critical phenomenon. In particular, in d = 4, since the singularity is logarithmic -for instance, the isothermal compressibility diverges as − ln(−µ/kT ) -one is prevented from finding a simple relationship between the vanishing of the chemical potential µ and the temperature difference |T − T c |. In d = 5, while there appears to be critical fluctuations, the isothermal compressibility does not diverge. It would be of interest to perform a renormalization group approach in order to elucidate the general characteristics of this "new" universality class.
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